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NUMERICAL STUDY OF THE JOHNSTON—-OGSTON EFFECT IN TWO-COMPONENT SYSTEMS

John J. CORREIA*, Michael L. JOHNSON™*, George H. WEISS®, and David A. YPHANTIS®

Numerical solutions of the Lamm equation are presented for systems exhibiting the Johnston—Qgston effect. From these
solutions it is apparent that the movement of the maxima of the concentration gradient curves reflects the sedimentation
velocity of the slow or fast components in their appropriate plateaus. A simple generalization of the Johnston—Ogston anal-
ysis is presented, valid for all centrifugation times in a radial field and sector shaped cell provided only that there exist both
a plateau of the slow component by itself and the mixed plateau with both slow and fast components present.

1. Introduction

One of the classical anomalies of velocity ultracen-
trifugation was first successfully explained by Johnston
and Ogston, [1], although observed for more than a
decade before, [2—4] . This anomaly, now known as
the Johnston—QOgston effect, is manifest in a multicom-
ponent system as an apparent increase in the amount
of the less rapidly sedimenting components (with a cor-
responding decrease in the apparent amount of the
faster components) during the sedimentation of mix-
tures. The effect vanishes at low solute concentrations
and always increases with increasing concentrations.

It is clear that this effect has its origin in the retarda-
tion of a slowly sedimenting solute by the presence of
a more rapidly sedimenting solute,

A simple quantitative analysis was proposed by
Johnston and Ogston [1] assuming a homogeneous
field in a rectangular cell. This analysis was extended
to a radially varying field and sector cell by Harrington
and Schachman [5] and by Trautman et al. [6] but
only for the beginning of the experiment when ¢ — 0.
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These later publications also associate the existence of
significant negative concentration gradients (and re-
sultant convection) with the presence of the J—O effect.

Fujita [7] presents a calculated concentration dis-
tribution for a system exhibiting the J—O effect as-
suming (a) that diffusion is absent, and (b) that the
sedimentation coefficients for both fast and slow com-
ponents decrease linearly with the concentrations of
the fast component. A salient feature of his calculation
is the existence of a strong negative concentration gra-
dient of the slow component, centripetal to the bound-
ary of the fast component, as deduced by Harrington
and Schachman {5] from their experimental observa-
tions.

We present here accurate numerical solutions of the
Lamm equation for systems exhibiting the J—O effect.
We also generalize the simple quantitative treatment
of Johnston and Ogston [1] so as to become valid for
radially varying field and sector cells and for all centri-
fugation times, provided only that there exisis a plateau
of the slow component by itself as well as a plateaun
with both fast and slow components present.

2. Discussion of numerical solutions

In what follows we restrict our analysis to systems
with two sedimenting components in which the sedi-
mentation coefficients depend on concentrations in
the following way
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where the s{ are the sedimentation coefficients at in-
finite dilution. The Lamm equations to be solved are

ac; dc;
#:%% (rDt.aTI— rzwzs,ci), i=1,2, (@
where the values of ¢; = wzs?/D,. =117.4 cm™2 are as-
sumed 2qual and independent of concentration. This
value of o corresponds to the sedimentation of a protein
of molecular weight ~300 000 at 60 000 rpm. Solutions
to the Lamm equation were generated by the finite dif-
ference method described in detail by Dishon, Weiss,
and Yphantis [8] . The original program was modified
for the present problem to allow for two concentra-
tions. Computation time for typical runs on an IBM
360/65 was between 40 minutes and an hour.

Fig. 1 oresents the concentration profiles observed
for a typical case where the sedimentation coefficients
at zero concentration differ considerably (s§ = 2s9).
This figure illustrates the clear separation into three re-
gions, a, in which there is no solute present, § with an
apparent plateau consisting of the slow compenent,
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Fig. 1. Concentration profiles for individual components and
for the total concentration at 7y = 0.3. The parameter values
arecl =c3=1,0=1174 cm ™=, sy =sT/(1 +c§ +c2), 57 =
257/(1 + ¢y +e3).
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Fig. 2. (a) Concentration profiles of the individual components
and of the total concentration for 7 = 0.2, c? = cg =1,51=
s?/(l +c3),59 = L3S/ + €1). (b) Concentration gradients
for the same parameters.

and -y with a true plateau with both fast and slow com-
ponents. This standard demarcation into zones 6] will
be used in the following presentation. The general fea-
tures of the J—O effect that are apparent from this fig-
ure are: (1) an increase of the § plateau even above the
loading concentration, compared to a plateau concen-
tration of ~0.86 expected for these conditions in the
absence of the fast component; and (2) a marked sharp-
ening of the off boundary in comparison with the min-
imal sharpening of the 8y boundary. This relative sharp-
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ening is understandable in terms of the relative decrease
of sedimentation coefficients across the off and Sy
boundaries. These are

(s“3 — sla)/s“3 = 1.2, Gy, — $18)515 =02 3)

Fig- 2 presents a rather extreme case of the J—O ef-
fect for kg =k33 =0,k;38 =%5,¢9 = 1, in which
self-concentration dependence is absent and only cross
dependence piesent. This unnatural case shows an al-
most complete compensation of the fast and slow com-
ponents in the fast boundary. The only trace of this
boundary is seen as a small perturbation of the calcu-
lated schlieren curve. Again, the substantial sharpening
of each of the slow boundaries relative to their fast
boundaries is evident. It is interesting to note that both
boundaries are mixed, with considerable amounts of
both components present. It is also interesting to note
that there is a region with a marked total negative con-
centration gradient. This total negative concentration
gradient is even more pronounced in the curve of the
concentration gradieats in fig. 3b for the case k5 =
k3 =kyy =0, k3¢9 = 1. The complementary case
where k5 c{ #0, k) = koy =9 also exhibits a large
negative concentration gradient during the time that
the boundaries of both components interact.

We now restrict ourselves to the more natural case
in which &y;eQ =k3c8 =kyycQ =k35c = A, where
A will take on different values. Fig. 4a for 4 = 1 shows
total concentration gradients calculated for 7y =
202s9¢=0.1,0.2, and 0.3 and for s§ = 1.35§. A marked
J—O0 effect is obvious. The o and 8y boundaries are
not clearly resolved making difficult the estimation of
the apparent amount of the fast component. In such
cases we estimate the apparent amount of the fast com-
ponent by assuming the concentration gradient of the
faster boundary to be symmetric about its maximum.
In fig. 4b we present values of the individual and total
concentration gradients at 7; = 0.3 for 4 = 0.5 and 59
= l.3s? . Here the resolution of the two boundaries is
improved.

The quantitative aspects of the J—-0 effect are il-
lustrated in fig. 5 which presenis the apparent amounts
of the fast component that would be estimated using
the following procedures: The estimated or observed
areas under the gradient curves in the fy boundaries
were corrected for radial dilution (by multiplication
by (r%,Irg)?, where r%, is the radial position of the
maximum gradient in the fy boundary and r; is the
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Fig. 3. (a) Individual and total concentration profiles for r =
0.1, c? =1,83 = 1.3:?, 51 = s?l(l + ¢3). (b) Concentration
gradients for the same parameters.

meniscus radius) and averaged over 7. Two sets of ob-
servations are shown as points for s§ = 1.3s{ and 259,
and for several values of 4. The curves correspond to
the predictions of Johnston and Ogston [1] for a rec-
tangular system or of Harrington and Schachman [5],
and of Trautman et al. [6] for zero time with radial
field and sector cell. The agreement between these
predictions and our calculations is quite good for 59

= 259; the deviations seen for s§ = 1.3s{ probably re-
flect our difficulties in estimating the tctal areas cor-
responding to the incompletely resolved $y boundaries.
These boundaries are clearly asymmetric when s§ = 2s§,
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Fig. 4. (3) Total concentration gradients for r = 0.1, 0.2, (3, c? =¢3=1, 51 = s(l’l(l +cy +¢32),82 = 1_3s?[(1 +¢y T o)

and are expected to be even more asymmetric when
the sedimentation coefficients differ less and the bound-
aries overlap more.

It should be noted that the data in fig. 5 for small
cencentration dependence extrapolate linearly to zero
concentration. This tends to substantiate the usual
practice of linearly extrapolating to zero loading con-
centration the apparent amounts of components esti-
mated in sedimentation velocity experiments. How-
ever caution needs to be exercised for concentration
coefficients 4 greater than about 0.2, in this particular
model.

3. Derivation of relations

The simple relation of Johnston and Ogston [1] for

the rectangular system or of Harrington and Schach-
man [5] and Trauiman et al. [6} for zero time, that
appears to predict the corrected apparent amounts of
components can be shown to be valid for a radial field
in a sector shaped cell without restricting the time,
provided both the § and -y plateaus exist. The argument
is based on conservation of mass. Consider the rate of
transport of the slow component across two radii ry
and r,, in the two plateaus:

gl _ - 2
?d?’ =0hry J,(r,) = 0he’siir;,

Ts @
_dg = = 295
arl, =0 1) =0k syeyrs,

T

where @ and h are, respectively, the sector angle and
thickness of the ultracentrifuge cell, ¢f and ¢J are the
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Fig. 4. (b) Individual and total concentration gradients for v = 0.3, ¢¥ =c3 = 1,51 = sv/(1 + 0.5¢; + 0.5¢c3) and 53 = 1.3s7/(1 + 0.5¢,

+ 0-5C2 ).

concentrations in the 8 and -y plateaus, and where J;(r)
is the flow of the slow component at any radius r. We
further define an equivalent radius, r,, by the condition
that

Ty
20, 10h =502 — D) £ Y02 —r2y=2 [ ¢prdr, (5)

where 0, is the amount of slow component between
rg and r... In other words r,, is the position of the infin-
itely sharp boundary between the two uniform plateaus
(at cf and c) that conserves the mass of component 1
between rg and 7 . Consider now the flux of compo-
nent 1 in the region ry i; <r,
g, 1 dc
BT _ —_— _ e 3
ar &Bh((ri ARl Rl A i

dr dQ., dg
+ 2((‘8 — CT) —3 = __g _
1 "1%e dr dr  de
= 0hw (] hr? — s7e1r). ©)
Substituting the time rates of change of the plateau
concentrations as

a8 deY
1 _ 5.2 1
@ = 2 s dr

in this last equation we obtain

Q)

din T,
G - D= - P = - P ®
w

where s, = (1/eo?)d In r./di represents the sedimenta-
tion coefficient of the equivalent boundary at 5. Thus
in order to maintain the § plateau, with no net depletio
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Fig. 5. Corrected apparent initial concentrations >f the fast
component obtained by correction for radial dilution of the
observed or estimated areas of the fast boundaries (see text
for details). The curves were calculated using the Johnston—
Ogston e% uation. The concentrauon dependenceis 4 = &k, ico
and s;=5; /(1 + Acy 1D + AcaicD).

or accretion at the Sy boundary, s, must be given by
5, = (85 — TIE — D). ©)

Conversely, if the equivalent 8y boundary moves with
some sedimentation coefficient s, then the value of the
concentration in the § plateau must satisfy eq. (8) if
the plateau is to be maintained. In particular, let us as-
sume, as motivated by our numerical evaluations, that
the sedimentation coefficient of the §y boundary is
equal to sY, the sedimentation coefficient of the fast
component in its plateau. Then we must have

& =163 ~ sPI6sY — 5, (10)

which is the relation inferred by others for their more
restricted cases. Thus this relation is gencrally valid
provided that both the 3 and the -y plateaus exist and
provided that the §y boundary does indeed move with
the velacity of the fast component.
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Fig. 6. (a) Calculated total concentration gradient presented
on a magnified scale for sy = sll(l +0.25¢c; +0.25¢3),52 =

2s9/(1 + 0.25¢; +0.25¢3),c? =c? = 1 and 7 = 0.2. (b) Values
of the maximum of the absolute value of the negative concen-
tration gradient observed in the g region for the same param-
eters presented as a function of r;.

4. Comparison between theory and numerical solutions

Let us now examine these premises. Fig. 6a presents
a magnified view of the concentration gradients for a
typical case. It is seen that there is a small negatwe con—
centration gradient in the *“‘g-plateau”, about 1072—1073
times the magnitude of the maximum gradients ob-
served in the boundaries. This small negative concentra-
tion gradient decreases with time, after its initial gener-
ation, as shown in fig. 6b. The magnitude of the maxi-
mum absolute value of this gradient depends on 4, and
appears to be greatest for 0.25 < A4 < 0.5 when all the
k,; are equal. On the basis of the limited number of
cases that we have examined with s differing from s,
the *“f plateau’ seems to have, at most, a small negative
concentration gradient. This is illustrated for an ex-
treme concentration dependence in fig. 7, wheie even
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Fig. 7. Individual and total concent:atmn gradients calculated
forr = 0.1, c? =c2=1,5 =s2/(1 + ¢2) and 53 = 255.

the presence of a large negative total concentration
gradient in the 8y boundary leads to only smali nega-
tive concentration gradients in the § region.

In order to test eq. (9) we require values of the
plateau concentrations, ¢7. These can be obtained by
soiving the Lamm equations appropsiate to this plateau:
&y

de
— 2.0
=—2w"s; c;.'/(l + kﬂc"l' +kac'2’).

—2e%s5)cY

arn

To obtain a relation between ¢ and ¢, we divide eq.
(11) for i = 1 by its counterpart for { = 2, finding
d.ln(."7 Sl ( 1+k2107&k2202)

(12)
dinc} 1 +kysc) +kyycd
For special cases this may be solved in closed form, but
numerical integration of this equation appears to be
necessary for its solution in the general case. If ky;

= k4;, this equation reduces to

dincY =(9s9d In e (132)
or

(1}
ey = K(c‘{)szfs‘l,’ (13b)

where K is a constant. Combining eqs. (13) and (11)
we find an ordinary differential equation for ¢ which
must be solved numerically. Thus we obtain values of
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Fig. 8. (2) Concentrations in the g plateau as a function of 74.
The points indicate the maximum observed concentration in
the g region and the curves were calculated as described in the
te\:t. The parameters used were c?_ =cp=1,53 = 25? and s;
=57 251 + Acy ¥ Acz). (D) Companson of the concentmtlons
obsen'ed and estimated for sg =1.359, s‘z’ = _.:? and forA =1
presented as a function of ™ = 2w2szt

c] for any r when the k; are equal. These now enable
us to obtain estimates o{ c‘5 from eq. (10). Fig. 8a com-
pares the observed c‘l’ or, when a negative concentra-
tion gradient is significant, the maximum values of c§



262 JJ. Correia et al { N=:merical study of the J—O effect in fwo-component systems

0sS
Seon/ 50
S{C, jed}
Seics)
0“/ SHC,-
N SACs)
024
G-y L LU T
o e} o2 o3

Fig. 9. Apparent sedimentation cocfficients calculated from
the rate of movement of the maximum gradient in the slow
boundary presented as 2 function of time for ¢§ =c¢3 = I, 57
= I.3s? and 5; = s?/(l +¢; + c3). The curves represent the
sedimentation coefficients calculated for the slow component
at the maximum concentrations in the g region [sy{cymax?]:
the weight average sedimentation coefficient in the vy plateau
[I‘w(cg)]; the sedimentation coefficient of the stow compo-
nent at the predicted g8 plateau concentration [s; (cf)] ; and
the sedimeniation coefficient of the slow component in v pla-
teau sy (cP}.

with these predicted values of ¢§ for s§ = 259 as a func-
tion of 7y . The agreement is good after the off and 8y
boundaries become distinct. The agreement is much
poores for s§ = 1.3sQ ({ig. 8b), presumably because

the boundaries are never separated.

Fig. 9 presents the apparent sedimentation coeffi-
cients calculated from the movement of the maximum
concentration gradient in the off boundary of our cal-
culated distributions when &5 = 1, and 5 = 1.35Q. For
comparison, we have calculated the expected sedimen-
tation coefficients for the maximum concentration in
the 8 region, for the slow component and for the weight
average of the components in the -y plateau, and for the
predicted value of ¢§. Clearly, the movement of the
maximum gradient in this example corresponds to the
sedimentation behavior expected for the non-existent
g plateau. Another comparison of sedimentation coef-
ficients from the maximum de/dr in the of boundary
for s§ = 1.355¢ and k; = 0.5 is presented in fig. 10a. In
this case, again, the movement of the slow boundary
appears to be governed by the concentration of the
fictitious § plateau, The sedimentation coefficient cal-
culated from the rate of movement of the maximum
gradient in the Sy boundary for this case is presented
in fig. 10b. It appears that the rate of movement cor-
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Fig. 10. Parameters: c§ = cg =1;53 =1.3s%;and 5;= s?l(l €
0.5cy +0.5¢c3). A comparison of the observed sedimentation
coefficients (corresponding to the mavement of the maximum
gradient in the slow boundary) with sedimentation coefficients
predicted for the maximam concentration in the g region
[s1{c1max)} ; for the weight average sedimentation coefficient
in the v platean [Ew(cpi ;and for the siow component at the
predicted 3 plateau concentration [5y (c§)]- (b) Comparison of
the sedimentation coefficient calculated from the rate of maove-
ment of the maximum gradient in the fast baundary with the
sedimentation coefficient calculated for the fast component

in the v plateaun. (c) The difference in radius between the ob-
sarved peak position of the concentration gradient curves and
the position calculated for the equivalent boundary of the fast
component in the y platean.

responds 1o the sedimentation coefficient in the 7y pla-
teaw after the two boundaries have separated.
Fig. 10c also shows tke differences between the
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Fig. 11. Comparison of the sedimentation caefficient from
movement of the maximum of the total de/dr observed for the
fast (top) and slow boundaries with the sedimentation coeffi-
clents s3(c7, ¢3) and 54 ). Parameters: c? = cg =1; sg = 2:?;
and 5; = ST + 0.25¢4 +0.25¢3).

observed maximum gradient positions in the §y bound-
ary and the positions calculated for the equivaleat
boundary corresponding to the y-plateau concentra-
tion of the fast component, ¢3. The maximum gradient
corresponds, asympiotically, to this equivalent bound-
ary.

The agreement between observed and predicted
sedimentation coefficients appears to be even better
when the sedimentation coefficients of the fast and
slow components are more dispasate. Fig. 11 presents
typical observations for s§ = 25§ and 4 =0.25, sub-
stantiating a general conclusion that the rates of move-
ment of the maximum concentration gradients in the
off and fy boundaries closely reflect the values of the
sedimentation coefficients s (c{) and 5,(c}) respec-
tively.

If the B-plateau exists it will maintain itself and the
values of cf can be simply predicted, independently
of the bebhavior in the ¥ platean, from solution of eq-
(7)) as

Incf +7, =——kuc‘§ +In (7, =0)+kuc‘z(7! =0).
14)
Thus a graph of 7y +Inc vs ¢ should be linear with
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Fig. 12, Test of ‘Predicu’on of the behavior of the plateau con-
centration for oy = cg = 1;:2 = Zs?: and s; = s?/(l +ecy Yoz
See the text for details. (a) Estimation of —& as the slope
of the linear segment cf the curve. (b) Estimation of the ini-
tial concentration of the slow component.

slope —ky . Such a graph is presented for s§ = 25¢ and
ky=1in fig. 12, taking < as the maxiraum value of ¢
in the B region. The indicated line has been drawn with
the expected slope of —1. Addition of the term kucf
to both sides of eq. {14) provides estimates of G =

In ¢§ + kyycf for 7 = O that should be independent of
centrifugation time. Such estimates are presented in
the lower portion of fig. 12. One sees that these values
are constant after the initial separation of the bound-
aries and that the average value for G is 1.665 which
corresponds to cf(O) = 1.359. This value can be com-
pared to the expected value of 1.366 calculated for cf
from eq. (10) when ¢] = ¢ = 1. A similar treatment of
data for ky = 0.25 gives an estimate of ky; =0.215, but
the observed value of G (= 0.423) obtained with this
estimated &1 gives an estimated value ofc?(O) =1.184,
compared to the expected value of 1.186 obtained
from eq. (10) with the true value of kg and cf =cJ

= 1. Thus it appears that we can calculate the concen-
tration in the § plateau from the initial value of cf (at
¢ =0), given by the original Johnston—Ogston equation
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for the initial concentrations loaded in the cell and
from the form of the conzentration dependence of the
slow component by itseif.

S. Conclusions

A simple theory of the J—O effect that generalizes
the work of earlier investigators has been given. We have
found, through an analysis of accurate solutions to the
coupled Lamm equations, that when the peaks in a two
component system have separated sufficiently, a rela-
tively simple theory developed on the assumption of
the existence of two plateaus leads to accurate gualita-
tive and quantitative results. However, we have also
found that the numerical solutions also predict very
slight negative concentration gradients in the f region,
almost certainly unobservable in practice and much
smaller than the strong negative concentration gradients
suggested by Fujita’s calculation, [7]. It would be in-
teresting to determine conditions on the concentration
dependence of the sedimentation coefficients that
would imply absolute plateaus (i.e., 3c;/ar =0), and
also to insure, for realistic choices of these coefficients,
that any negative gradients would indeed be small. We
have been unable to do this with any generality, but
it is our feeling that real world parameters do not lead
to difficulties related to substantial concentration gra-
dients in the 8 region.
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