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NUMERICAL STUDY OF THE JOHNSTON-OGSTON EFFECT IN TW3-C01180NENT SYSTEMS 

John J_ CORREIA*, Michael L. JOHNSON*, George H. WEISS*, and David A. YPHANTES* 

Numerical solutions of the Larmn equation are presented for systems exhibiting the Johnston-Ogston effect. From these 
solutions it is apparent that the movement of the maxim;? of the concentration gradient curves reflects the sedimentation 
vetocity of the stow or fast components in their appropriate pIrrteaus. A simple generakation of the Johnston-Ogston anal- 
ysis is presented, vtid for all centrifugation times in a radial field and sector shaped cell provided ordy that there exist both 
2 plateau of the slow component by itself and the mked pIateau with both slow and fast components present. 

I_ Introduction 

One of the classical anomalies of velocity ultracen- 
trifugation was first successfully explained by Johnston 
and Ogston, [I], although observed for more than a 
decade before, [24] . This anomaly, now known as 
the Johnston-Ogston effect, is manifest in a multicom- 
ponent system as an apparent increase in the amount 
of the less rapidly sedimenting components (with a cor- 
responding decrease in the apparent amount of the 
faster components) during the sedimentation of mix- 
tures. The effect vanishes at low solute concentrations 
and always increases with increasing concentrations. 
It is clear that this effect has its origin in the retarda- 
tion of a slowly sedimenting solute by the presence of 
a more rapidly sedimenting solute. 

A simple quantitative analysis was proposed by 
Johnston and Ogston [I] assuming a homogeneous 
field in a rectangular cell. This analysis was extended 

to a radially varying field and sector cell by Harrington 
and Schachrnan [5] and by Trautman et al. [6] but 
only for the beginning of the experiment when r + 0. 
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These later publications also associate the existence of 
significant negative concentration gradients (and re- 
sultant convection) with the presence of the J-O effect. 

Fujita [7] presents a calculated concentration dis- 
tribution for a system exhibiting the J-O effect as- 
suming (a) that diffusion is absent, and (b) that the 
sedimentation coefficients for both fast and slow com- 
ponents decrease linearly with the concentrations of 
the fast component. A salient feature of his calculation 

is the existence of a strong negative concentration gra- 
dient of the slow component, centripetal to the bound- 
ary of the fast component, as deduced by Harrington 
and Schachman [S ] from their experimental observa- 
tions. 

We present here accurate numerical solutions of the 
Eamm equation for systems exhibiting the J-O effect. 
We also generalize the simple quantitative treatment 
of Johnston and Ogston [ 1 ] so as to become valid for 
radially varying field and sector cells and for all centri- 
fugation times, provided only that there exists a plateau 
of the slow component by itself as well as a plateau 
with both fast and SIOW components present. 

2. Discussion of numerical solutions 

in what follows we restrict our analysis to systems 
with two sedimenting components in which the sedi- 
mentation coefficients depend on concentrations in 
the following way 
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where the S? are the sedimentation coefficients at in- 
finite dilution. The Lamm equations to be solved are 

aci 1 a ac. 
-=-- 
at rar 

rD. ‘- r%i~%~~~ 
l ar 

i= 1.2, (2) 

where the values of oj E w2sp/Di = 117.4 cm2 are as- 
sumed equal and independent of concentration. ‘i-his 
vaIue of u corresponds to the sedimentation of a protein 
of molecular wei&t -300 000 at 60 000 rpm. Solutions 
to the Lamm equation were generated by the finite dif- 
ference method described in detail by Dishon, Weiss, 
and Yphantis [8]. The original program was modified 
for the present problem to allow for two concentra- 
tions. Computation time for typical runs on an IBM 
36Oi65 was between 4-O minutes and an hour. 

Fig. 1 presents the concentration profiles observed 
for a typical case where the sedimentation coefficients 
at zero concentration differ considerably (~9 = 3,sp). 
This figure illustrates the clear separation into three re- 
gions, a, in which there is no solute present, fl with an 
apparent plateau consisting of the slow component, 

P I Y 

Fig. 1. Concentration protIles for individuaI components and 
for the totaI concenfrafion af ‘~1 = 0.3. The pammeter values 
arec~=c~=1,0=117.4~~2,s~=s~/‘/C1~cl~c2),sz= 
2$/(1 + Cl + cz). 
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Fig. 2. (a) Concentration profdes of the individual components 
and of the totaI concentration for T = 0.2, c: = c: = 1. sl = 
$/(I + c+). s2 = 1.3$/(1 + cl). (b) Concentration gradients 
for the same parameters. 

and r with a true plateau with both fast and slow com- 
ponents. This standard demarcation into zones 261 will 
be used in the following presentation. The general fka- 
tures of the J-O effect that are apparent from this fig- 
ure are: (I) an increase of the B plateau even above the 
loading concentration, compared to a pIateau concen- 
tration of --O-86 expected for these conditions in the 
absence of the fast component; and (2) a marked sharp- 
ening of the I$ boundary in comparison with the min- 
imal sharpening of the By bound.ary_ This relative sharp- 
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ening is understandable in terms of the relative decrease 
of sedimentation coefficients across the CY/~ and @y 
boundaries. These are 

@IS - S@Ifl= I-2, cs lr - SI&P = 02. (3) 

Fig. 2 presents a rather extreme case of the J-O ef- 
fect forkI =kZZ =O,klZc$ =k,,cp = 1,inwhich 
self-concentration dependence is absent and onIy cross 
dependence present. This unnatural case shows an al- 
most complete compensation of the fast and slow com- 
ponents in the fast boundary. The only trace of this 
boundary is Seen as a small perturbation of the calcu- 
Iated schlieren curve. Again, the substantial sharpening 
of each of the slow boundaries relative to their fast 
boundaries is evident. It is interesting to note that both 
boundaries are mixed, with considerable amounts of 
both components present. It is also interesting to note 
that there is a region with a marked total negative con- 
centration gradient. This total negative concentration 
gradient is even more pronounced in the curve of the 
concentration gradieets in fig. 3b for the case kZl = 
k,, = k,l = 0, k&j = I_ The complementary case 
where kzlcp + 0, kll = k22 = 3 also exhibits a large 
negative concentration gradient during the time that 
the boundaries of both components interact_ 

We now restrict ourselves to the more naturzl case 
in which kllcf = klzc$ = kzlcp = k& = A, where 
A will take on different values. Fig. 4a for A = 1 shows 
total concentration gradients calculated for ‘l = 
2w2s9t = O-1,0.2, and 0.3 and for ~9 = 1.3@. A marked 
J-O effect is obvious. The 43 and @y boundaries are 
not clearly resolved making difficult the estimation of 
the apparent amount of the fast component. In such 
cases we estimate the apparent amount of the fast com- 
ponent by assuming the concentration gradient of the 
faster boundary to be symmetric about its maximum. 
In fig. 4b we present values of the individual and total 
concentration gradients at rl = 03 for A = 0.5 and s? 
= 1.34. Here the resolution of the two boundaries is 
improved. 

The quantitative aspects of the J-O effect are iI- 
lustrated in fig. 5 which presents the apparent amounts 
of the fast component that would be estimated using 
the folIowing procedures: The estimated or observed 
areas under the gradient curves in tbe @y boundaries 
were corrected for radial dilution (by multiplication 
by (~&/r,,)~, where r& is the radial position of the 
maximum gradient in the & boundary and r,, is the 
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Fig. 3. (a) Individual and total concentration profiles For r = 
0-L. cy = 1, ~2 = 1.3x:, s, = sy/(l + cz)_ (b) Concentration 
gradients for the same parameters. 

meniscus radiils) and averaged over 7. Two sets of ob- 
servations are shown as points for sg = 1.3sp and asp, 
and for several values of A _ The curves correspond to 
the predictions of Johnston and Ogston [l] for a rec- 
tangular system or of Harrington and Schachman [S] , 
and of Trautman et al. [6] for zero time with radial 
field and sector cell. The agreement between these 
predictions and our calculations is quite good for ss 
= 2sp; the deviations seen for s$ = 1.3~1 probably re- 
flect our diffbxlties in estimating the tctal areas cor- 
responding to the incompIetely resolved py boundaries- 
These boundaries are cIearly asymmetric when 4 = 2sy, 
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Fig. 4- (a) Total concentration gradients for T = 0.1.0.2,03, & = c’: = 1. S, = $/(I + C, + cl), s2 = 1.3$[( +-Cl + c2). 

and are expected to be even more asymmetric when 
the sedimentation coefficients differ less and the bound- 
aries overlap more. 

It should be noted &&at the data in fig. 5 for small 
concentration dependence extrapolate linearly to zero 
concentration. ‘I&is tends to substantiate the usual 
practice of linearly extraplating to zero loading con- 
centration the apparent amounts of components esti- 
mated in sedimentation velocity experiments. How- 
ever caution needs to be exercised for concentration 
coefficients A greater than about 0.2, in this particular 
model. 

3. Derivation of relations 

The simple relation of Johnston and Ogston [l ] for 

the rectangular system or of Eu-rington and Schach- 
man [5] and Trautman et al. [6] for zero time, that 
appears to predict the corrected apparent amounts of 
components can be shown to be valid for a radial field 
in a sector shaped cell without restricting the time, 
provided both the P and y plateaus exist. The argument 
is based on conservation of mass. Consider the rate of 
transport of the slow component across two radii rs 
and rr in the two pIateaus: 

(41 

where 0 and h are, respectively, the sector angle and 
thickness of the ultracentrifuge cell, 4 and cl are the 
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F~.4.(b) Individualand totalconcentration gradientsforr= 0.3,~: =ci = 1, s1 =$/(I +O.Sc, i- 0.5~2) mdsa = 1.3s;/(L t 0.5~~ 

concentrations in the /3 and 7 plateaus, and where J,(r) 
is the flow of the slow component at any radius r. We 
further defme an equivalent radius, re, by the condition 
that 

where Q, is the amount of slow compo~nt between 
rP and rr. in other words re is the position of the infin- 
itely sharp boundary bet7veen the two uniform plateaus 
(at 4 and cl) that conserves the mass of component 1 
between re and fr_ Consider now the flux of compo- 
nent 1 in the region rs G r < fy, 

d’= 
+ 2(4 - c;i)re dt 

) 

dQP dQy 
= dr - dt 

Substituting the time rates of change of the plateau 
concentrations as 

in this last equation we obtain 

where se E (1 /w*)d In r,[dr represents the sedimenta- 
tion coefficient of the equivalent boundary at rc. Thus 

in order to maintain the 0 plateau, with no net depletio 
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Fig. 5. Corrected apparent initial concentrations >f the fast 
component obtained by correction for radial dilution of the 
observed or estimated areas of ffie fast boundaries (see text 
for details). The cadges were wkulated using the Johnston- 

Ogston e uation. 
8 

The concentration dependetxe is A = kill 
ad Si = Si /Cl + Act /cl + Ac~/c~)+ 

or accretion at the Py boundary, se must be given by 

(9) 
ConverseIy, if the equivalent @y boundary moves with 
some sedimentation coefficient se then the value of the 
concentration in the fl plateau must satisfy eq. (8) if 
the plareau is to be maintained. In particular, let us as- 
sume, as motivated by our numerical evaluations, that 
the sedimentation coefficient of the p7 boundary is 
equal to ST, the sedimentation coeffkient of the fast 
componek in its plateau. Then we must have 

wo 
which is the reIation inferred by others for their more 
restricted cases. Thus this relation is generally valid 
provided that both &he p aad the y plateaus exist and 
provided that the fi boundary does indeed move with 
the velocity of the fast component. 
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Fig. 6. (a) Calculated total concentration gradient presented 
on a magnified scale For s1 = sy/(l f 0.25cr f 0.25~2). 52 = 
%::/(I f O-25=, + 0.25c2), cf = c: = L and r = 0.2. (b) Values 

of the maximum of the absolute value of the negative concen- 
tration gmdient observed in the fl redon for the same param- 
eters presented 8s a function of it. 

4. Comparison between theory and numerical solutions 

Let us now examine these premises. Fig. 6a presents 
a magnified view of the concentration gradients for a 
typica case. tt is seen that there is a small negative con- 
centration gradient in the “‘&plateau”, about LO-2--IO-3 
times the magnitude of the maximum gradients ob- 
served in the boundaries. This small negative concentra- 
tion gradient decreases with time, after its initial gener- 
ation, as shown in fig. Gb. The magnitude of the maxi- 
mum absolute vaIue of this gradient depends on A, and 
appears to be greatest for 0.25 <A < 0.5 when ali the 
k; are equal. On the basis of the limited number of 
cases that we have examined with s? differing from sp, 
the “fl plateau” seems to have, at most, a small negative 
concentration gradient. This is illustrated for an ex- 
treme concentration dependence in fig. 7, where even 
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Fig. 7. Indivi$M pd totai cogcentration gradients pculated 
forr=oJ.cl =c2 = 1. S, = s&l f c2) and s2 = 2~~. 

the presence of a large negative total concentration 
gradient in the 0-y boundary leads to only small nega- 
tive concentration gradients in the fi region. 

In order to test eq. (9) we require vaIues of the y 
plateau concentrations, CT_ These can be obtained by 
Soiving the Eamrn equations appropriate to this plateau: 

de? 
-_ 
d; 

- -2ti.+ r 

= -2o%;c;/c 1 + kir CT f k,&). (11) 

To obtain a relation between cl and c2 we divide eq. 
(I 1) for i = 1 by its counterpart for i = 2, finding 

d 

d 

_ 
ln CT s; l- f k2& + k2& 
-=- 
Incz so 

(12) 
1 fk,& f k,,c; 

For special cases this may be solved in closed form, but 
numerical integration of this equation appears to be 
necessary for its solution in the general case. If kli 
= kz, this equation reduces to 

d In c; = (+;)d In c; Wa) 

or 

c; = ~(c~~%, Wb) 

where K is a constant. Combining eqs. (13) and (11) 
we find an ordinary differential equation for CT which 
must be solved numerically. Thus we obtain values of 

F& 8. (2) Concentrations in the fl plateau as a function of rl_ 
The points indicate the ma?rimum observed concentration in 
the p region and the cures were calculated as described in the 
text. The parameters used were c’: = c$ = 1, st = 2s: and S[ 
= $/(I f Acr f A+)_ (6) Comparison of the concentrations 
observed and estimated for ~2 = 1.3~‘. S! = 2$ and for A = 1 
pre5ented as a function of q = 2~‘s$. 

cl for any c when the ki. are equal. These now enable 
us to obtain estimates o I cf from eq_ (10). Fig. 8a com- 
pares the observed C: or, when a negative concentra- 
tion gradient is significant, the maximum values of cf 



Fig. 9. Apparent sedimentetion coefficients calculated from 
the rate of movement of the maxiznmum gradient in the slow 
boundary presented as a function of time for cy = c$ = I. ~2 
= 1.3s’: and si = $/(I + CI + ~2). The curves represent the 
sedimentation coefficients calculated for the slow component 
at the maximum concentrations in the fl region [s~(c~max) 1; 
the. weight average sedimentation coefficient in the 7 plateau 
[&,(c&)i ; the sedimentation coefficient of ttte stow compo- 
nent at the predicted fl plateau coucentratian [st CC+)] ; and 
the sedimentation coefficient of the slow component in -r pla- 
teau [a (CT>1 - 

with these predicted values of < for s$ = 2~9 as a func- 

tion of i-1 _ The agreement is good after the Cup and fly 
boundaries becomz distinct. The agreement is much 
poorer for ~9 = 1.3sp (fig. 8b), presumably because 
the boundaries are never separated. 

Fig. 9 presents the apparent sedimentation coeffi- 
cients calculated from the movement of the maximum 

concentration gradient in the OQ boundary oFour Cal- 
culated distributions when kq = I, and 4 = 1.34’. For 

comparison, we have calculated the expected sedimen- 
tation coefficients for the maximum concentration in 
the P region, for the slow component and for the weight 
average of the components in the y pIateau, and for the 
predicted value of 4. Clearly, the movement of the 
maximum gradient in this exampIe corresponds to the 
sedimentation beha-vior expected for the non-existent 
fl plateau. Another comparison of sedimentation coef- 
ficients from the maximum d&r in the 4 boundary 
for Sg = 1.358 and ke = 0.5 is presented in fig. tOa. In 
this case, again, the movement of the slow boundary 
appears to be governed by the concentration of the 

fictitious @plateau. The sedimentation coefficient caf- 
culated from the rate of movement of the maximum 
gradient in the & boundaty for this case is presented 
in fig- lob. It appears that the rate of movement cor- 

Ib) 

Fig. IO. Parameters: cy = ~2 = I ; s! = 1.35:; and s( = so/{ 1 c 
O.Src + 0.5~2). A comperisan of the observed sedimentation 
mefficknts (corresponding to the movement of the maximum 
gradient in the rlow boundary) with sedimentation coefficients 
predicted for the maximum concentration in the p region 
[S~(c~max)] ; for the weight average sedimentation weft%ient 
in the 7 plateau [?w(cgl ;end for the slow component at the 
prdicted p plateau concenuation [St (c~)]. cbl Comparison of 
the sedimentation coefficient Qlctited from the rate of move- 
ment of the maximum gradient in the fast haundary with the 
s+zdimentation coefficient cafctdated for the fast component 
in the-y plateau. (c) We difference in radius between the ob- 
wed peak position of the concentration gradient ewes and 
the position cakulate-d for the equivalent boundary of the fast 
amponeat in the y plateau. 

responds to the sedimentation coefficient in the y pla- 
teau after the two boundaries have separated. 

Fig. IOc also shows tk differences between the 



Xf. Correia et n&/Numerid study of rhef-0 effecf in tu-o-compmenf sysrcms 263 

I.5 

1.4 

Fig. 11. Comparison of the sedimentation coefficient from 
movement of fhe maximum of the total d&r observed for the 
fast (top) and slow boundaries with the sedimentation coeffi- 
cients sz (CT, ca and st (.c@. Parameters: c’: = & = 1; F! = 2s:; 
andSi=~~f/l * 0.25~i t0.25~2). 

observed maximum gradient positions in the Py bound- 
ary and the positions calculated for the equivalent 
boundary corres&ponding to the y-plateau concentra- 
tion OF the fast component, cf. The maximum gradient 
corresponds, asymptotically, to this equivalent bound- 

ary- 
The agreement between observed and predicted 

sedimentation coeffkients appears to be even better 
when the sedimentation coeffkients of the fast and 
slow components are more disparate_ Fig. 11 presents 
typiml observations for s$ = 2sp and A = 0.25, sub- 
stantiating a general conciusion that the rates of move- 
ment of the maximum concentration gradients in the 
C@ and fly boundaries closely reilect the values of the 
sedimentation coefficients sr(cf) and sz(cz) respec- 
tively. 

lf the P-plateau exists it will maintati itself and the 
values of c!j CXI be simpIy predicted, independently 
of the behavior in the y plateau, from solution of eq. 
(7) as 

Thus a graph of rl + In .$ vs C$ should be linear with 

Fig. 12. Test of$rediction of the behavior of the plateau con- 
centration for cx = cy = 1; r; o=Z*~;andsi=sio/(l CC, CC~). 
See the text for details. <a) Estimation of --RI 1 as the slope 
of the linear segment cf the curve. (b) Estimation of the ini- 
tial concentration of the dew component. 

slope -k, I _ Such a graph is presented for s2 = 2sf and 
kg = 1 in fig. 12, taking 4 as the maximum value of et 
in the fi region. The indicated line has been drawn with 
the expected slope of -1. Addition of the term k1 I cf 
to both sides of eq_ (14) provides estimates oFG = 
In cf f kllcf for r = 0 that should be independent of 
cen&rifugation time. Such estimates are presented in 
the lower portion of fig. 12. One sees that these vaiues 
are constant after the initial separation of the bound- 
aries and that ffie average value for G is 1 Xx65 which 
corresponds to c:(O) = 1.359. This value can be com- 
pared to the expected value of I.366 calculated for cf 
from eq. (10) when c;i = cz = 1. A simikr treatment of 
datafork$=0.25givesanestimateofktL =0_215,but 
the observed value of G (= O-423) obtained with this 
estimated kil gives an estimated vzdue of e!(O) = I-184. 
compared to the expected value of 1.186 obtained 
from eq. (10) with the true value of kl~ and CT = CZ 

= I. Thus it appears that we can cakukte the concen- 
tration in the p plateau from the initial value of cf (at 
t = 0), given by the original Johnston-C&ton equation 
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for the initial concentrations loaded in the cell and 
from the form of the concentration dependence of the 
slow component by itself. 

5. Conclusions 

A simple theory of the J-O effect that generalizes 
the work of earlier investigators has been given. We have 
found, through an analysis of accurate solutions to the 
coupled Lamm equations, that when the pelks in a two 
component system have separated sufficientIy, a tela- 
tively simple theory developed on the assumption of 
the existence af two plateaus leads to accurate qualita- 
tive and quantitative results. However, we have also 
found that the numerical solutions also predict very 
slight negative concentration gradients in the fl region, 
almost certainIy unobservable in practice and much 
smaller than the strong negative concentration gradients 
suggested by Fujita’s calculation, [7] _ It would be in- 
teresting to determine conditions on the concentration 
dependence of the sedimentation coefficients that 
would imply absolute plateaus (i.e., ac$& = 0), and 
also to insure, for realistic choices of these coefficients, 
that any negative gradients would indeed be small. We 
have been unable to do this with any generality, but 
it is our feeling that real world parameters do not lead 
to difficulties reIated to substantial concentration gra- 
dients in the 0 region. 
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